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A bit more review of discrete math.
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Probability Space: formalism.

Q is the sample space.
o € Q is a sample point. (Also called an outcom e.)
Sample point @ has a probability Pr[w] where

> 0< Prlo] < 1;
> Yoo Prio] =1.
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An important remark

» The random experiment selects one and only one outcome in Q.

» For instance, when we flip a fair coin twice

» Q={HH, TH,HT,TT}
» The experiment selects one of the elements of Q.

> In this case, its wrong to think that Q = {H, T} and that the
experiment selects two outcomes.

» Why? Because this would not describe how the two coin flips
are related to each other.

» For instance, say we glue the coins side-by-side so that they
face up the same way. Then one gets HH or TT with probability
50% each. This is not captured by ‘picking two outcomes.
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Uniform probability space: Pr[HH]| = Pr[HT] = Pr[TH] = Pr[TT] = %.
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Assume that Q is the union of the disjoint sets Aq,...,An.

Q

Then,
Pr[B] = Pr[AyNB]+---+ Pr[ANN B].

Indeed, B is the union of the disjoint sets A,NBforn=1,...

In “math”: w € Bis in exactly one of A;NB.
Adding up probability of them, get Pr[w] in sum.
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Yet more fun with conditional probability.

Toss a red and a blue die, sumis 7,
what is probability that red is 17

€1 : Uniform

Die 2 B ‘red die is 1’

A .
i |1elc 0o 0 00 Q=1{1,...,6}*
RIS A = {(L,6), ..., (6,1))
1 e 000 0 0 o A
IO EEE B=1{(1,1),...,(1,6)}
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2 3 5 6

Pr[B|A| = B34 = 1 versus Pr(B] = §.

Observing A does not change your mind about the likelihood of B.
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Theorem Product Rule
Let A{,As,..., A, be events. Then

Pf[A1 ﬁ---ﬂAn] = PI’[A1]PI’[A2|A1]PI’[A,7‘A1 ﬁ--~ﬂAn,1].

Proof: By induction.
Assume the result is true for n. (It holds for n=2.) Then,

PrlAiN---NANAp1]
— Pr{A; N0 Ao PrlAny 1| Ar (-1 Ad]
= PI’[A1]PI’[A2|A1]PI’[A,7|A1 ﬁ--~ﬁA,,,1]Pr[An+1 |A1 ﬂ'“ﬂAn],

so that the result holds for n+1. ]



Total probability

Assume that Q is the union of the disjoint sets A4, ..., An.

Prior 1 Conditional
probabilities 1 probabilities
__,_9__-. —’4‘71 —_ B
PriA, : /
[ ] Ax Pr[BH“]
Partition
of Q

Pr(B] = PriA]Pr[B|Ai]+--- + Pr[An] Pr{B|An].
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Your coin is fair w.p. 1/2 or such that Pr[H] = 0.6, otherwise.

You flip your coin and it yields heads.
What is the probability that it is fair?
Analysis:

A= ‘coin is fair', B= ‘outcome is heads’

We want to calculate P[A|B].
We know P[B|A] = 1/2,P[B|A] = 0.6, Pr[A] = 1/2 = Pr|[A]

Now,
Pr[B] = PrlAnB]+ PrlAnB]= Pr[A|Pr[B|A|+ Pr[A|Pr[B|A]
(1/2)(1/2)+(1/2)0.6 = 0.55.
Thus,
priag = PAPABIAL . (1/2(1/2) 4 4

Pr[B] (1/2)(1/2)+(1/2)0.6
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Independence

Definition: Two events A and B are independent if

Pr[An B] = Pr[A]Pr[B].

Examples:

» When rolling two dice, A= sum is 7 and B =red die is 1 are
independent;

» When rolling two dice, A= sum is 3 and B = red die is 1 are not
independent;

» When flipping coins, A= coin 1 yields heads and B = coin 2
yields tails are independent;

» When throwing 3 balls into 3 bins, A= bin 1 is empty and B =
bin 2 is empty are not independent;
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Independence and conditional probability

Fact: Two events A and B are independent if and only if

Pr[A|B] = Pr[A].

Indeed: Pr[A|B] = ng}gf], so that

PriAN B

PrIAIB) = PriA] & —g

= Pr[A]l < Pr[An B] = Pr[A]Pr|[B].
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Bayes Rule

Another picture: We imagine that there are N possible causes
Ay, AN

Ay
N pn = Pr[A,)
Pn f;;l B In = PT[B An]

OA' Ay, ..., Ay disjoint

AN 4"311 U"'Uf‘lN =0

PN

PnQn

Pr{An|B] = Y Dl
m
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Why do you have a fever?

Prior Conditional

probabilities probabilities
0.80
Flu \

s SRR 32

Ebola High Fever
/l.l()
Other

Using Bayes’ rule, we find

0.15 % 0.80
Pr[Flu|High Fever] — ~0.
r[FlulHigh Fever] = 65 080110 8x 1108501 ~ 00
Pr[Ebola|High Fever] — 1078 x1 ~5x1078
g T 0.15x080+10 8x14085x01
Pr[Other|High Fever] = 0.85>0.1 0.42

015x0.80110 8x1+085x01

These are the posterior probabilities. One says that ‘Flu’ is the Most Likely a
Posteriori (MAP) cause of the high fever.
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Summary

‘ Events, Conditional Probability, Independence, Bayes’ Rule

Key Ideas:
» Conditional Probability:
PrlA1B] = ZHa5P
> Independence: Pr[AN B] = Pr[A]Pr[B].

» Bayes’ Rule:

Pr{An]Pr[B|A,]
Lm Pr{Am] Pr[B|Am]

Pr[An|B] =

Pr[An|B] = posterior probability; Pr[A,] = prior probability .

» All these are possible:
Pr[A|B] < Pr[A]; Pr[A|B] > Pr[A]; Pr[A|B] = Pr[A].
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Theorem: ,
Pr(no collision] ~ exp{— 7}, for large enough n.

In particular, Pr[no collision] ~ 1/2 for m?/(2n) ~In(2), i.e.,

m=+/2In(2)n~1.2y/n.

E.g., 1.2v20~5.4.
Roughly, Pr[collision] ~ 1/2 for m=+/n. (¢ 9%~ 0.6.)
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The Calculation.
A, = no collision when jth ball is placed in a bin.
PriAilAi_1N---n A =(1-51).
no collision = Ay N---NAm.

Product rule:
PrlAiN---NAn] = Pr[A1]Pr[Az|A1] - PrlAm|A1 NN Am_1]

= Pr[no collision] = (1 - :7) (1 B m; : ) '

Hence,
m—1 k
In(Pr[no collision]) = Z In( 1—— ~ ) (- n
k=1
_ JM( '
n 2 ~ 2n

() We used In(1 —¢) ~ —¢ for || < 1.
D142+ 4m-1=(m-1)m/2.
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Prlcollision] = 1/2 if m~1.2+/365 ~ 23.

skippause

If m=60, we find that
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Today’s your birthday, it's my birthday too..

Probability that m people all have different birthdays?
With n= 365, one finds

Prlcollision] = 1/2 if m~1.2+/365 ~ 23.

skippause

If m=60, we find that

602
2 x 365

2
Pr[no collision] ~ exp{—%} =exp{— }~0.007.

If m= 366, then Pr[no collision] = 0. (No approximation here!)
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Random Variables.

A random variable, X, for an experiment with sample space Q is a
function X : Q — R.

Thus, X(-) assigns a real number X(w) to each o € Q.

Q
X0

N

|
3.9 2.1 7.0
Nwr) =21 X(w2) = 7.0; X (w3) = X(wy) = -39

R

The function X(-) is defined on the outcomes Q.
The function X(-) is not random, not a variable!

What varies at random (from experiment to experiment)? The
outcome!
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“What is the likelihood of getting n pips?”

X7Y8) = {w| X(w) =8}
Die 2 X110) = {w | X(w) = 10}
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Number of pips in two dice.
“What is the likelihood of getting n pips?”

X7Y8) = {w| X(w) =8}
Die 2 X110) = {w | X(w) = 10}
\

2 3 4 5 6 7 8 9 10 11 12

Pr{X =10] =3/36 = Pr[X~'(10)]; Pr[X = 8] =5/36 = Pr[X~'(8)].
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Distribution

The probability of X taking on a value a.

Definition: The distribution of a random variable X, is
{(a,Pr[X = a]): a€ &/}, where «/ is the range of X.

Q

Pr[X = a] := Pr[X~'(a)] where X '(a) := {0 | X(®) = a}.



Number of pips.

Experiment: roll two dice.



Number of pips.

Experiment: roll two dice.

XONEY = fw | X(w) = 8}
Die 2 XHI0) = {w | X{w) = 10}

6 » B o 1]
-1- L ..-'.:b-

yyvy R

204 4 & B 7T R D 10 11 12

(1.2.3.4.5.6.5,4.3.2,1) x (1/36)

2345678910112
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Named Distributions.

Some distributions come up over and over again.
...like “choose” or “stars and bars”....

Let’'s cover one for this review.
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The binomial distribution.
Flip n coins with heads probability p.
Random variable: number of heads.
Binomial Distribution: Pr[X = i], for each i.
How many sample points in event “X = /"?

i heads out of n coin flips = ()

What is the probability of  if @ has i heads?
Probability of heads in any position is p.
Probability of tails in any position is (1 — p).

So, we get

Prio] = p/(1—p)"'.

Probability of “X = i” is sum of Pr[w], o € “X = /"

PriX =i = (’;’) p'(1—p)""i=0,1,...,n: B(n,p)distribution



The binomial distribution.

1 n

TTHTHTTTHTHT

\\1 V 3 }}/n !

(1-p)
n — m times m times

Pl —py™

n
( ) outcomes with m Hs and n — m T's
m

n 1 TL—TI
= Pr[X =m]= (-m)pm{l —p)
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Summary

\ Random Variables

» A random variable X is a function X : Q — R.
» Pr[X=a]:=Pr[X~"(a)] = Prl{w| X(») = a}].



Summary

\ Random Variables

v

A random variable X is a function X : Q — R.
Pr(X = a] := Pr[X~"(a)] = Prl{o | X(®) = a}].
PriX € Al := Pr[X~"(A)].

The distribution of X is the list of possible values and their
probability: {(a, Pr[X = a]),ac «}.

v

v

v
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Modular Arithmetic Inverses and GCD

x has inverse modulo m if and only if gcd(x,m) =1.
Group structures more generally.
Extended-gcd(x, y) returns (d, a, b)
d=gcd(x,y) and d = ax+ by
Multiplicative inverse of (x, m).
egcd(x,m)=(1,a,b)
ais inverse! 1 = ax+bm=ax (mod m).
Idea: egcd.

gcd produces 1
by adding and subtracting multiples of x and y
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7(0)+60(1)
7(1) +60(0)
7(—8)+60(1)
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Non-recursive extended gcd.

Example: p=7,g=11.
N=77.

(p—1)(g—1)=60
Choose e =7, since gcd(7,60) = 1.
egcd(7,60).

Confirm: —119+120 = 1

- w &~
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RSA:
N=p,q
e with gcd(e,(p—1)(g—1)).
d=e"' (mod (p—1)(g—1)).

Public Key Cryptography:
D(E(m,K),k) = (m®)? mod N = m.

Signature scheme:

S(C)=D(C).
Announce (C, S(C))

Verify: Check C = E(C).
E(D(C,k),K) = (C%)®=C (mod N)
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Theorem: There is a unique solution modulo ;n;, to the system
x = a; (mod n;) and ged(n;,n;) =1.

For x=5 (mod 7), x=2 (mod 11), x =1 (mod 3).

x=5x((11)((11)~" (mod 7)) x (3)(3~" (mod 7))
+2(7)(77" (mod 11))(3)(3~" (mod 11))
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For each modulus n;,
multiply all other modulii by the inverses (mod nj;)
and scale by a;.
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k Samples with replacement from nitems: n*.

Sample without replacement: o= k)

Sample without replacement and order doesn’t matter: (/) = (n%k'),kl
“n choose K~

(Count using first rule and second rule.)

Sample with replacement and order doesn’t matter: (“%"").
Count with stars and bars:
how many ways to add up n numbers to get k.

Each number is number of samples of type i which adds to total, k.
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Simple Inclusion/Exclusion

Sum Rule: For disjoint sets Sand T, |SUT|=|S|+|T]|

Example: How many permutations of nitems start with 1 or 2?
1x(n=1) +1 x(n—-1)!

Inclusion/Exclusion Rule: For any Sand T,
|[SUT|=|S|+|T|—|SNT]|.

Example: How many 10-digit phone numbers have 7 as their first or
second digit?

S = phone numbers with 7 as first digit.|S| = 10°

T = phone numbers with 7 as second digit. |T| = 10°.

SN T = phone numbers with 7 as first and second digit. |SN T| = 108.
Answer: |S|+|T|—|SNT|=10°+10%—108.
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Countability.
Diagonalization.
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Isomorphism principle.

Given a function, f: D — R.

One to One:

Forallvx,y e D, x#y = f(x) # f(y).
or

vx,y e D, f(x)=1f(y) = x=y.

Onto: Forally € R, 3x € D,y = f(x).
f(-) is a bijection if it is one to one and onto.

Isomorphism principle:
If there is a bijection f: D — R then |D| = |R].
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f: Rt —10,1].

x+1 0<x<1)2
f(x) = 2 =X=
() {;X X>1/2

Onetoone. x #£y

If both in [0,1/2], a shift = f(x) # f(y).

If neither in [0,1/2] different mult inverses = f(x) # f(y).

If one is in [0,1/2] and one isn’t, different ranges = f(x) # f(y).
Bijection!

[0,1] is same cardinality as nonnegative reals!
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Countable.

Definition: S is countable if there is a bijection between S and some
subset of N.

If the subset of N is finite, S has finite cardinality.

If the subset of N is infinite, S is countably infinite.

Bijection to or from natural numbers implies countably infinite.
Enumerable means countable.

Subset of countable set is countable.

All countably infinite sets are the same cardinality as each other.
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Examples: Countable by enumeration

» N x N - Pairs of integers.
Square of countably infinite?
Enumerate: (0,0),(0,1),(0,2),... ???
Never get to (1,1)!
Enumerate: (0,0),(1,0),(0,1),(2,0),(1,1),(0,2)...
(a,b) at position (a+b—1)(a+ b)/2+ b in this order.

» Positive Rational numbers.
Infinite Subset of pairs of natural numbers.
Countably infinite.

» All rational numbers.
Enumerate: list 0, positive and negative. How?
Enumerate: 0, first positive, first negative, second positive..
Will eventually get to any rational.
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Diagonalization: power set of Integers.

The set of all subsets of N.
Assume is countable.
There is a listing, L, that contains all subsets of N.

Define a diagonal set, D:
If ith set in L does not contain i, i € D.
otherwise i ¢ D.

D is different from jth set in L for every i.
= Dis not in the listing.

D is a subset of N.
L does not contain all subsets of N.
Contradiction.

Theorem: The set of all subsets of N is not countable.
(The set of all subsets of S, is the powerset of N.)
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Undecidable problems.

Does a program print “Hello World”?
Find exit points and add statement: Print “Hello World.”

Can a set of notched tiles tile the infinite plane?
Proof: simulate a computer. Halts if finite.

Does a set of integer equations have a solution?
Example: Ask program if “ x" + y" = 1?” has integer solutions.
Problem is undecidable.

Be careful!

Is there a solution to x" +y7 =172
(Diophantine equation.)

The answer is yes or no. This “problem” is not undecidable.

Undecidability for Diophantine set of equations
= no program can take any set of integer equations
and always output correct answer.
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Ideas, conceptual,
more calculation.
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Wrapup.

Watch Piazza for Logistics!

Other issues....
fa17@eecs70.0rg
Private message on piazza.



